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Graph Word Problems

A person is on the highway. The car they are driving is moving at
the rate of 65 mph. At 1:00, the driver presses the cruise control

on the car and then lets the car move down the highway at this
steady rate for 4 hours.

a) Draw the graph of this problem for the 4 hours.
b) Find the area of the region under this curve.

c¢) Find the slope of the curve.

d) What do each of these numbers mean?

e) How far did they travel in the 4 hours?



Graph Word Problems

A person is on a highway at 65 mph for 2 hours. Suddenly, there
is a rain storm and the driver immediately hits his brakes and the
car is now moving at 45 mph for the next 4 hours.

a) Draw the graph of this problem .

b) Find the area under the curve for the first 2 hours.

¢) Find the area under the curve for the next 4 hours.

d) Find the total distance that the driver covered in the 6
hours spent on the road.



Graph Word Problems

A driver is going from home to work. Itis a straight path from
his home to work with no stops along the way. It takes him 2
minutes to get to 40 mph. He then travels at 40 mph for 20
minutes and then it takes him another 2 minutes to come to a
stop.

a) Draw the graph of this problem.
b) Find the area under the curve.
¢) Find the distance traveled.

d) Find the slope of the first two minutes and the last two
minutes. What do these numbers represent?



Eimeling Qrea

Consider 3 methods:

(A)LEAN - Loft-endpoint Rectangatar Approvination
(Left Bomann Sun)

(B) MEAM - Midpoit Fectangalir Approvination
(Midpaint Rlemann Sun)

(C) KRAM - Bpht-endpoint Rectangalar Approvination
(Klpht Rlemann Sun)



LRAM - LEFT RIEMANN SUM
5«»@/&: Find the area bounded /f the carve T (X)=x"+1,0n[13]
a@/}gz 4 rec lfa/g//e& 00[ eyaa/ width,
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Would this approximation be an overestimate or underestimate?



RRAM - RIGHT RIEMANN SUM

Loamplh: Fird the area bouded by the curve T (X) = x* +1,0n [1,3] using ¥ /‘wta/g/w 0f ayaa/ width,
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Would this approximation be an overestimate or underestimate?



Although we could establish rules to determine whether a left or right Riemann
sum for an increasing or decreasing function will overestimate or underestimate
the actual area, it is much more instructive to use a sketch of the graph to reach

a conclusion. It is also important to note that CONCAVITY DOES
NOT AFFECT THIS ISSUE Iike it did for tangent lines.

Furthermore, there are many cases where it is not clear whether an
approximation exceeds or falls short of the actual value. For example, a right
Riemann sum applied to the curve shown below leaves us with an unclear
picture about whether the sum overestimates or underestimates the actual area.

i [

y =.5sin(.5x%) +1




5«//{&&,’ Find the area bounded /y the carve

MRAM — MIDPOINT RIEMANN SUM

f(x)=x*+1on [1,3]

wsiny ¥ rec b‘a/g//e& af eyaa/ width,

This is often the preferred method of estimating area because it tends to balance

overage and underage - look at the space between the rectangles and the curve as well

as the amount of rectangle space above the curve and this becomes more evident.
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Assumption Alert!

Students often mistakenly believe that
this balance is perfect and that the
midpoint approximation is exact. In other

words, that the MRAM is simply the
average of the LRAM and RRAM.

NOT TRUE!!

Lets verify this. . ...
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Ev 2. Find the area /m(c/ec//y the cwrve T (X) — x4 5, on [0’2]
Use 5 rectuples of equal width, and compate LA, MEAN and REAN,
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Some Examples

Non=Calculator

Approximate the area under the given curve on the interval [0, 4]
using trapezoids and 4 equal subintervals.

Ex 1: f (X) — \/; o

Just for fun, lets also calculate the LRAM and RRAM!



Is there a FASTER way?




Further Examples

with Calculator

Approximate the area under the given curve on the interval given
using trapezoids and 4 equal subintervals.

Ex 1: f(X)=cosXx

&



Overestimate or Underestimate?

Initially, and given our Riemann sum discussion, many people assume that
whether the function increases or decreases affects the size of the approximation
relative to the actual value. . ...but it doesn’t seem like this is true does it?

N
\

I

What feature affects
our approximation?




Equal Subintervals

ACTUARIES
IN
ACTION
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The following table gives the dye
concentration for a dye-
concentration cardiac-output
determination seconds after
injection. The amount of dye

injected in this patient was 5 mg.

Use a left-point Riemann sum to
estimate the area under the dye
concentration curve and then
estimate the patient’s cardiac
output in Liters per minute by
dividing the amount of initial
injection by this area.

Seconds
after
injection

(v

10
12
14
16
18
20
22

24

Equal
Subintervals

Dye
concentration
(adjusted for

recirculation)

(©
0

0.6
1.4
2.7
3.7
4.1
3.8
2.9
1.7
1.0

0.5



Unegual Subintervals

Consider the following table of values, whose subintervals are of unequal width. Compute the
Left Riemann and Right Riemann sums as well as the Trapezoidal approximation.

0 237 |8

X
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AP TIME

2001 ABZ (porssa.b,omd o)

The temperature, in degrees Celziuz (°C), of the water in a pond 1z a h W (t)
differentiable function W of time t. The table above shows the water id‘g"ﬂ:' I:i(é:l
temperature as recorded every 3 days over a 15-day period. 3 ,;,1
(a) Usze data from the table to find an approximation for W'(12). Show the g Ej
computations that lead to your answer. Indicate unitz of meagure. 19 ég
(b) Approximate the average temperature, in degrees Celsiuz. of the water 13 21

over the time interval 0 < t < 15 days by using a trapezoidal
approximation with subintervals of length At = 3 days.

(¢) A student propozes the function P, given by P(t) = 20 + 10t¢! t/3) as a model for the
temperature of the water in the pond at time t, where t 13 measured in days and P(f) 1=z
measured in degrees Celsius. Find P'(12). Using appropriate unita. explain the meaning of

YOouL answer in terme of water tem perature.



(a) Difference quotient: e g.

(c)

2001 ABZ (porssa.b,omd o)

Answzrs

; Wils) — Wi12) ]
7(12) = ——— = —7 °C/de
W12) =19 3 C/day o1
o Y — gy 2 - ;
W12) = d ‘11{2 — :; ©) =3 “C/day or
e . W(1B) — W(8) 1 o
W'12) =~ e =3 C/day

3
5[’20 + 2(31) + 2(28) + 2(24) + 2(22) 4+ 21) = 376.5

1 _ -
Average temperature =~ 1__{3?6_{,] — 95 1°C
5
- y 10, .,
P'(12) =10e /3 — —te*/3
2 =12

= —30e * = —0.640 °C/day
1'hiz meanz that the temperature 1z decreasing at the

rate of 0.549 °C/day when t = 12 day=.

- difference quotient

- answer (with unitzs)

- trapezoidal method

. answer

- P'[12) {with or without unita)

: interpretation



AP TIME

2@@5 Aﬁz (Partb...sort of)

Distance 0 { 5 6 8
x {cm)

Temperature 100 93 70 6 as

I(x) (°C) |

A metal wire of length 8 centimeters (cm) 1s heated at one end. The table above gives selected values of the temperature
T(x). in degrees Celsius (°C). of the wire x cm from the heated end. The function T 1s decreasmg and twice

differentiable.

(b) Wnte an integral expression m terms of T'(x) for the average temperature of the wire. Estimate the average temperature

of the wire using a trapezoidal sum with the four subintervals indicated by the data m the table. Indicate units of
measure.



2@@5 Aﬁz (Partb...sort of)

Answzrs

(b) éjgﬂ x) dx

8
Trapezoidal approxumation for ID T(x) dx:

347 7 2 74 55
100495 ,, 93470 ,, 70462, 62455 ,

A

A= T56875°C

1
Average temperature = 3

PS. The mean on this question was 1.76!!!

18
I.EIGT{x}dx

1 : trapezoidal sum
1 : answer



AP TIME

Revisiting 2007 ABS (rarvscana

! o | 2| s | 7| 11| 1

(minutes)

ij

) s7 1 40 | 20| 12| 06 | 053
(feet per minute)

The volume of a spherical hot air balloon expands as the air inside the balloon 15 heated. The radws of the
balloon, in feet, 15 modeled by a twice-differentiable function r of time f, where 1 15 measured in mmutes.
For 0 <t <12 the graph of r is concave down. The table above gives selected values of the rate of change,

7'(t). of the radius of the balloon over the time mterval 0 ¢ <12 The radius of the balloon 1s 30 feet when

t =5 (Note: The volume of a sphere of radius r 1s given by ¥ = %m'g.j

(c) Use a right Riemann sum with the five subintervals mdicated by the data m the table to approximate

2, . . . . r 12 . .
ID r(f) dr. Using correct units, explain the meaning of J . »'(¢) dt 1n terms of the radius of the

balloon.

o 12, .
(d) Is your approximation in part (c) greater than or less than Iu r () dt 7 Give a reason for your answer.



Revisiting 2007 ABS (rarvscana

Answzrs

12 L
(c) ID Ft)de=2(40)+3(2.0)+2(1.2) + 4(0.6) +1(0.5) 5. { 1 : approximation
— 193 fi | 1 : explanation

-5

12, _ . .
ID r(f) dr 1s the change in the radius, in feet. from

t =0 to =12 minutes.

(d) Since 7 is concave down, 7 is decreasmng on 0 < ¢t < 12| 1 : conclusion with reason
Therefore. tlus approximation, 19.3 ft, 15 less than
12
[ ¥(¢) dt.
0
Units of ft° Jmuin 1in part (b) and ft 1n part (c) 1 :umts i (b) and (c)

Recall: The mean on this question was 2.48!!!



